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Abstract – The formation of new bone involves both the deposition of bone matrix, and the formation of a
network of cells embedded within the bone matrix, called osteocytes. Osteocytes derive from bone-synthesising
cells (osteoblasts) that become buried in bone matrix during bone deposition. The generation of osteocytes is a
complex process that remains incompletely understood. Whilst osteoblast burial determines the density of osteocytes,
the expanding network of osteocytes regulates in turn osteoblast activity and osteoblast burial. In this paper, a
spatiotemporal continuous model is proposed to investigate the osteoblast-to-osteocyte transition. The aims of the
model are (i) to link dynamic properties of osteocyte generation with properties of the osteocyte network imprinted in
bone, and (ii) to investigate Marotti’s hypothesis that osteocytes prompt the burial of osteoblasts when they become
covered with sufficient bone matrix. Osteocyte density is assumed in the model to be generated at the moving bone
surface by a combination of osteoblast density, matrix secretory rate, rate of entrapment, and curvature of the bone
substrate, but is found to be determined solely by the ratio of the instantaneous burial rate and matrix secretory rate.
Osteocyte density does not explicitly depend on osteoblast density nor curvature. Osteocyte apoptosis is also included
to distinguish between the density of osteocyte lacuna and the density of live osteocytes. Experimental measurements
of osteocyte lacuna densities are used to estimate the rate of burial of osteoblasts in bone matrix. These results suggest
that: (i) burial rate decreases during osteonal infilling, and (ii) the control of osteoblast burial by osteocytes is likely
to emanate as a collective signal from a large group of osteocytes, rather than from the osteocytes closest to the bone
deposition front.
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1 Introduction
Bone is an adaptive biomaterial that is able to detect and
remove micro-damage, and that optimises its shape and mi-
crostructure to the mechanical loads it carries [1, 2]. These
properties of bone are conferred by a network of intercon-
nected cells embedded in bone matrix, called osteocytes.
There has been a growing interest in osteocytes in recent
years with the realisation that these mechano-sensing cells
orchestrate bone-resorbing and bone-forming processes in-
volved in bone adapation and repair [3–9]. Osteocytes
transduce mechanical stimuli, such as local deformations
of the bone matrix, into biochemical signals transmitted to
bone-resorbing cells (osteoclasts) and bone-forming cells (os-
teoblasts) through the bone surface. The ubiquitous role of
osteocytes in the regulation of bone tissues is evidenced by
several recent experimental studies. Osteocytes participate
in regulating bone formation, in particular through secretion
of sclerostin, an inhibitor of the Wnt signalling pathway [4,
5, 10–12]. They are also known to produce RANKL which
initiates bone resorption through the promotion of osteoclas-
togenesis [5, 8, 13–15]. Osteocytes also help mineralise the
soft matrix synthesised by the osteoblasts, and they regulate
the degree of mineralisation of bone [5, 11, 16, 17].
The network of osteocytes in bone matrix is generated
during new bone deposition when some of the bone-forming
osteoblasts become trapped and buried in the synthesised
matrix (Figure 1). These cells gradually change their appear-
1Corresponding author. Email address:
pascal.buenzli@monash.edu
ance and phenotype, becoming first osteoid-osteocytes, before
terminally differentiating into osteocytes [3, 6, 18–21]. Dur-
ing the osteoblast-to-osteocyte transition, the cells develop
several dendritic processes connecting to the layer of matrix-
synthesising osteoblasts above and to nearby osteocytes.
Few mathematical models have modelled explicitly the
generation of osteocytes from a population of osteoblasts.
Polig and Jee [22] and Buenzli et al. [23] have explicitly
included the varying depletion of osteoblasts due to os-
teocyte generation so as to retrieve a constant [22] or an
experimentally-determined [23,24] osteocyte density distribu-
tion in cortical basic multicellular units (BMU)s. In Ref. [25],
Martin and Buckland-Wright model a similar depletion of
osteoblasts in a bone-forming microsite undergoing trabecular
remodelling. A depletion of ten osteoblasts over the microsite
area 6,500µm2 is assumed to occur at discrete intervals, i.e.,
when the depth of mineralised matrix reaches 15, 30, and
45 µm. This discrete depletion models Marotti’s hypothesis
that osteocytes prompt the burial of osteoblasts when they
become sufficiently covered with bone matrix [6, 21]. In
purely temporal settings, Moroz, Wimpenny et al. [26, 27]
assume osteocytes to be generated at constant density in the
matrix and removed in proportion to the level of mechanical
stress, Ascolani and Liò [28] assume osteocytes to be gener-
ated in proportion to the number of osteoblasts and removed
at a constant rate for one day after an explicit microfracture,
and Graham, Ayati etal [29] consider a single remodelling
event during which osteocytes are generated in proportion
to the number of osteoblasts with a logistic rate of growth,
and removed artificially at the start of the simulation to
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Figure 1 – Osteocytes differentiate from osteoblasts that become trapped in
bone matrix during bone deposition. They develop dendritic cell processes
that connect to other osteocytes and to cells at the bone surface.
initiate the remodelling event. Several other models have
included the effect of local mechanical stimuli onto bone
remodelling events [30–38]. In the discrete models of van
Oers et al. [31, 32], coupled formation and resorption results
from changes in local mechanical stimuli provoked by small
resorption cavities, which create local stress concentrations.
Other models include the influence of local damage on the
renewal rate of bone matrix [36, 39]. However, the exact role
of osteocytes in these models of mechanics-driven bone regu-
lation is unclear. None of these models accounts explicitly for
a population of osteocytes and their generation.
This paper proposes a mathematical model of osteocyte
generation that accounts for the spatially localised process
of osteoblast burial at the moving deposition front. The
consideration of osteocyte generation in this proper spatio-
temporal setting enables to set on a microscopic basis what
features of bone formation dynamics determine the density
of osteocytes in bone and remain imprinted as such as a
record [40]. This approach contrasts with the purely temporal
models of osteocyte generation referred to above which rely
on distinct effective assumptions on osteocyte generation. The
advantage of the present approach is that the microscopic, cell
level variables of osteoblast burial are explicitly displayed.
The model elucidates the interplays between osteoblast den-
sity, matrix secretory rate, rate of burial, and curvature of the
bone substrate in determining the density of osteocytes in the
new bone matrix. The model and its results are applicable to
any bone surface morphology. They apply to formation during
cortical bone remodelling, trabecular bone remodelling, bone
modelling, and bone growth [1].
The results of the model are combined with experimental
data to provide estimates of the rate of burial of osteoblasts
during bone formation. To the author’s knowledge, these
estimates are novel. It is hoped that they will lead to new
insights into the burial process of osteocytes in different
individuals, skeletal sites, species, and bone disorders. These
estimates also enable an investigation of the spatial range of
the osteocytic signal controlling bone formation hypothesised
by Marotti [6, 21].
2 Mathematical model
The model of osteocyte generation presented in this paper is
based on cell population balance equations in which source
and sink terms are defined as biochemical reaction rates
involving continuous local cell densities. This approach has
been used previously to develop a number of mathemati-
cal models of bone cell development in both temporal and
spatiotemporal settings [23, 38, 41–45]. This approach is
suitable to describe osteocyte generation even considering the
localised nature of the osteoblast burial process that occurs
at the moving deposition front. Indeed, the material balance
principle upon which this approach relies is valid beyond
the continuum model and is understood in this paper in
the sense of generalised functions (distributions) whenever
required [46, 47].
The consideration of local cell densities also enables direct
comparisons with experimentally determined densities. New
bone matrix is deposited by a layer of osteoblasts densely
packed at the surface of the bone substrate [3, 48]. The
population of the matrix synthesising cells will therefore be
characterised here by the local osteoblast surface density ρOb
(number of cells per unit surface), as measured in Refs [48–
50]. The population of osteocytes will be characterised by
the local volumetric density of cells, Ocy (number of cells per
unit volume), as measured in Refs [24, 51, 52]. Note that it is
the bone-formation-driven moving bone surface that generates
a volumetric density of osteocytes from the surface density
of osteoblasts (Figure 1). Generally, it is expected that the
density of osteocytes is determined by a combination of:
• The osteoblast surface density ρOb [#/mm2];
• The rate of osteoblast burial Dburial [day−1], i.e., the
probability per unit time [53] for a single osteoblast to
become buried in the newly deposited matrix;
• The matrix secretory rate kform [mm3/day], i.e., the
volume of new matrix secreted per osteoblast per unit
time (usually reported in µm3/day [48, 49]);
• The geometry of the bone substrate upon which new
bone is deposited by the osteoblasts. Indeed substrate
geometry (in particular local surface curvature) can
strongly influence the evolution of the bone surface [54–
56].
In this paper, the osteoblast surface density ρOb is assumed
to be known at each time and every point of the surface. This
population could be either determined experimentally [48–50]
or taken from the output of mathematical models such as that
of Buenzli et al. [23].
2.1 Planar bone substrate
For simplicity, it is assumed in this section that the bone
substrate is planar and that osteoblasts are uniformly dis-
tributed over the bone surface, i.e., ρOb = ρOb(t ). Each cell
is further assumed to synthesise new bone matrix (osteoid) at
a uniform rate kform(t ). (These assumptions are relaxed in the
next section.) Clearly, the bone surface remains planar at all
times and its evolution can be tracked by the new bone layer
thickness w (t ) deposited over the initial substrate. During a
small time increment∆t , the volume of new bone synthesised
by a single osteoblast is kform(t )∆t . Since a single osteoblast
occupies an area 1/ρOb on the surface, the new bone layer
thickness is increased by ∆w = kform∆t /ρ−1Ob . In the limit
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∆t → 0, this leads to:
d
dt
w (t ) = kform(t )ρOb(t ). (1)
The average number of osteoblasts that become buried in
bone matrix during ∆t is ∆NOb = DburialρObS∆t , where S
is the bone surface area. Therefore the rate of depletion
in osteoblast surface density induced by osteoblast burial is
given by:
dρOb
dt

burial
= −Dburial(t )ρOb(t ). (2)
(This depletion of osteoblasts due to the generation of osteo-
cytes is assumed to be implicitly accounted for in the given
function ρOb(t ).)
All the osteoblasts buried in bone matrix are assumed to
give rise to new osteocytes. Whilst a number of phenotypic
changes describe the osteoblast-to-osteocyte transition [6,18–
21], here these changes are assumed to occur instantly, i.e.,
a cell counts as an ‘osteocyte’ as soon as it is buried. The
osteoblast-to-osteocyte transition is assumed to take place
instantaneously at the moving deposition front positioned at
z =w (t ), where the z axis is normal to the bone surface. The
local rate of generation of osteocytes is thus governed by:
∂
∂ t
Ocy(t ,z ) =Dburial(t )ρOb(t ) δ
 
z −w (t ). (3)
The Dirac delta factor in Eq. (3) [47] accounts for the fact that
burial only occurs at the bone interface z =w (t ). This factor
is also responsible for turning the depletion rate in osteoblast
surface density into the production rate of volumetric density
of osteocytes.1
Only the creation of osteocytes is considered in Eq. (3). In
fact, this equation corresponds to the creation of osteocyte
lacunae (the small pores in bone matrix in which osteocytes
live), which remain imprinted in bone at the location of their
creation [57] even after the death of the osteocyte they contain.
A depletion of the live osteocytes population due to cell death
(apoptosis) will be considered in Section 4.
Equations (1) and (3) describe how osteocyte density de-
pends on osteoblast density, burial rate, and matrix secretory
rate. These equations can be integrated to provide a closed
expression for osteocyte density. To deal with the singularity
at the moving deposition front in Eq. (3), one can introduce
the final, z -dependent density of osteocytes
Ocy∞(z )≡ Ocy(t →∞,z ) (4)
obtained once deposition has stopped or has moved far enough
from the region of interest. Since no osteocyte is present
initially for any location z corresponding to newly deposited
bone, Ocy(t =0,z ) = 0, and one obtains from Eq. (3):
Ocy∞(z ) =
∫ ∞
0
dt ∂
∂ t
Ocy(t ,z ) =
∫ ∞
0
dt Dburial(t )ρOb(t )δ
 
z−w (t ).
(5)
During bone formation, the width of the layer of new bone
w (t ) is an increasing function of t . Hence, there is a
1In one spatial dimension, the Dirac distribution has inverse length units.
Figure 2 – Evolution of the bone surface S(t ) due to new bone matrix
deposition on a nonplanar substrate by osteoblasts. See text and Eq. (7) for
more details.
unique time t ∗ such that z = w (t ∗) and only the time t =
t ∗ contributes to the integral. Using δ z − w (t ) = δ(t −
t ∗)/| d
dt
w (t ∗)| [47] and Eq. (1) to substitute d
dt
w (t ∗), Eq. (5)
gives:
Ocy∞
 
w (t ∗)= Dburial(t ∗)
kform(t ∗)
. (6)
This result states that the density of osteocytes generated at
the bone deposition front is simply the ratio of the burial
rate and the matrix secretory rate. In particular, the density
of osteocytes does not depend explicitly on the density of
osteoblasts. Indeed, if there are few osteoblasts, there are
few osteocytes generated per unit time, but there is also
little matrix deposited. If there are many osteoblasts, there
are many osteocytes generated but also a large amount of
matrix deposited. These effects compensate themselves in
determining the volumetric density of osteocytes.
In fact, the result (6) can be checked from the following
geometric argument. During the time increment ∆t , a num-
ber ∆NOb = DburialρObS∆t of osteoblasts become osteocytes.
These osteocytes are embedded in a total volume of new bone
matrix S∆w = kformρObS∆t , and so the average volumetric
density of osteocytes is given by ∆NOb
S∆w
= Dburial
kform
. The result (6)
therefore provides a direct validation of the microscopic law
of osteocyte generation, Eq. (3).
2.2 Nonplanar bone substrate
Most bone matrix deposition during bone remodelling occurs
on nonplanar substrates. In cortical bone, the resorption cavi-
ties opened up by the bone-resorbing cells during remodelling
are roughly cylindrical, and thus, so is the bone substrate upon
which osteoblasts subsequently deposit new bone. Trabecular
bone deposition may occur on flatter surfaces, but complex
curvatures are present at intersections of trabecular struts or
plates [2].
The deposition of bone matrix on nonplanar substrates
defines an evolving bone surface S(t ) possessing space-
dependent properties such as curvature. Since curvature may
influence both the evolution of the osteoblast surface density
and the matrix secretory rate [23, 48, 54–56, 58, 59], it is
important to account for potential spatial dependences in ρOb
and kform. As before, we assume known the surface density of
osteoblasts ρOb(t ,r S), where r S is a point of the surface S(t ).
The evolution of the bone surface due to matrix deposition
is now governed by:
v (t ,r S) = kform(t ,r S)ρOb(t ,r S), (7)
where v (t ,r S) is the normal velocity of the moving front
S(t ) at r S (Figure 2), referred to by biologists as the matrix
3
apposition rate [1, 23, 60]. The expression (7) is found by
equating the volume of matrix kform∆t secreted during ∆t
by the osteoblast at r S , with the volume ρ−1Ob v Ob∆t · n of
the region that this osteoblast ‘sweeps’ on its path (shown
as a darker gray shade in Figure 2), where n is the outward
unit vector normal to S(t ) at r S , and v Ob is the osteoblast’s
velocity vector. Note that the evolution of the bone surface is
uniquely determined by the knowledge of the normal velocity
only v ≡ v Ob ·n everywhere on the surface, see e.g. [61, 62].
The natural generalisation of Equation (3) to nonplanar
geometries is:
∂
∂ t
Ocy(t ,r ) =Dburial(t ,r )ρOb(t ,r )δS(t )(r ), (8)
where r is a point in 3D space, and δS(t )(r ) is the “Dirac wall”
or surface Dirac distribution on S(t ), i.e., formally infinite
anywhere on S(t ) and zero everywhere else, such that for any
test function ϕ:∫
d3r ϕ(r )δS(t )(r ) =
∫
S(t )
dσ(r S)ϕ(r S), (9)
where
∫
S(t )
dσ(r S) is the line integral over r S ∈ S(t ) [47, Sec
8.4]. Since ∂
∂ t
Ocy(t ,r ) = 0 for r 6∈ S(t ), Ocy(t ,r ) is time-
independent almost everywhere, i.e. of the form:
Ocy(t ,r ) =
(
Ocy∞(r ), r ∈ B (t ),
0, r 6∈ B (t ) ≡ Ocy∞(r )χB (t )(r ), (10)
where Ocy∞(r ) = Ocy(t →∞,r ) is the final, space-dependent
density of osteocytes, B (t ) is the region of space occupied
by new bone at time t (Figure 2), and χB (t ) is the indicator
function of B (t ). Because the boundary S(t ) of B (t ) moves
with normal velocity v , the quantity χB (t+∆t )(r ) − χB (t )(r )
is nonzero only in a layer of thickness |v (t ,r )|∆t extending
normally from S(t ). When ∆t → 0, this layer becomes
infinitely thin whilst the nonzero value diverges upon division
by v (t ,r )∆t , and one has:
χB (t+∆t )(r )−χB (t )(r )
v (t ,r )∆t
→ δS(t )(r ), ∆t → 0 (11)
(see the Appendix). Differentiating Eq. (10) with respect to t ,
one thus obtains:
∂
∂ t
Ocy(t ,r ) = Ocy∞(r )
∂
∂ t
χB (t )(r ) = Ocy∞(r )v (t ,r )δS(t )(r ).
(12)
By comparison with Eq. (8) and substitution of v using
Eq. (7), the density of osteocytes generated at the deposition
front in nonplanar geometries is:
Ocy∞
 
r S(t )

=
Dburial
 
t ,r S(t )

kform(t ,r S(t )
 , (13)
where r S(t ) ∈ S(t ) is a point of the bone surface at each time
(e.g., a point following the trajectory of an osteoblast). The
result (13) generalises Eq. (6) to arbitrarily curved surfaces.
Neither the density of osteoblasts nor the curvature of S(t )
explicitly influence the density of osteocytes deposited at
the moving front. Whilst deposition of matrix on a curved
surface can greatly concentrate or dilute locally the matrix-
synthesising cells due to the local contraction or expansion
of the available surface [23], it is sufficient that the ratio of
burial rate and matrix secretory rate of individual osteoblasts
is maintained to generate a uniform distribution of osteocytes.
This is a valuable property in bone formation given the impor-
tance of osteocyte distribution in sensing the local mechanical
state of bone matrix and the complex morphologies of bone
microarchitectures.
The geometric argument sketched in the planar case can
be repeated here. It shows that Eq. (13) is correct in the
continuous limit, and/or at leading order in curvature. Indeed,
the volume of new bone matrix formed by deposition of a
layer of thickness ∆w normally to a small element of surface
of area ∆σ is ∆V =∆σ∆w

1+O(∆σ,∆w )

, where the sub-
dominant orders arise in curved geometries. For instance for
a cylinder of radius R and axis x , one has ∆σ= R∆θ∆x and
∆V = ∆θ
2
 
(R +∆w )2 −R2∆x = ∆σ∆w  1+ ∆w
2R

. With the
number of osteocytes generated within this volume ∆NOb =
DburialρOb∆σ∆t , and with ∆w = kformρOb∆t , the volumetric
density is:
∆NOb
∆V
=
DburialρOb∆σ∆t
∆σ∆w

1+O(∆σ,∆w )
 = Dburial
kform
+O(∆σ,∆w ).
(14)
The result (13) therefore validates the microscopic law of os-
teocyte generation in curved geometries postulated in Eq. (8).
Whilst the microscopic law (8) is not strictly necessary to de-
duce what dynamic processes of bone formation determine the
density of osteocytes (13), knowing how to formulate osteo-
cyte generation in a microscopic spatio-temporal framework
enables the straightforward inclusion of further processes
known to occur at this level. This is particularly advantageous
for including coupling with other processes governed by the
material conservation law. This will be illustrated in Section 4
by including osteocyte apoptosis (programmed cell death) in
Eq. (8).
Implicit dependences of osteocyte density. The fact that
neither osteoblast density nor curvature appear in Eq. (13)
may seem surprising. A number of experimental studies
suggest that osteocyte density correlates with osteoblast den-
sity [63–65]. However, this is not always the case [66].
Likewise, osteocyte density in rapidly-laid woven bone can
be similar to osteocyte density in slower-laid lamellar bone,
or higher, depending on skeletal site and developmental his-
tory [67]. Generally speaking, osteocyte density may corre-
late with several variables during bone formation, including
hormones, skeletal site, distance to bone surface, mechanical
environment, and species [24, 40, 51, 52, 60, 65–72].
It has to be emphasised that both the burial rate Dburial and
the matrix secretory rate kform may implicitly depend upon
osteoblast density, curvature, and other dynamic variables
regulating the bone formation process, including site-specific
signalling molecules produced by underlying osteocytes in
response to mechanical stimuli:
Dburial(ρOb,Ocy,curvature, mech., . . .)
kform(ρOb,Ocy,curvature, mech., . . .)
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It is these implicit dependences that are responsible for the
observed variations in osteocyte density in the aforementioned
studies. Provided one knows the burial rate Dburial and the
matrix secretory rate kform, osteocyte density is always deter-
mined by taking their ratio, Eq. (13).
For example, crowding of osteoblasts such as due to bone
surface shrinkage in cortical BMUs [23], and convex bone
substrate geometries are likely to increase the probability of
osteoblasts overlapping each other and burying their peers [3,
6, 20], generating a dependence of osteocyte density upon os-
teoblast density through Dburial. Note, however, that additional
concurrent mechanisms may strongly regulate the surface
density of osteoblasts [48, 66], such as anoikis (cell death
induced by detachment from the bone surface), a process
believed to explain the large difference between the total
number of osteoblasts generated in a remodelling event and
the residual number of osteocytes [1, 50, 73].
It is clear however that the probability for an osteoblast to
become buried must depend on matrix secretory rate, since no
osteoblast can be buried if kform = 0:
Dburial(kform=0) = 0. (15)
Caution must be exerciced when taking a simple linear depen-
dence between Dburial and kform in a mathematical model such
as Eq. (8), as this amounts to setting the osteocyte density
generated at the deposition front to the proportionality factor.
3 Estimation of burial rate and of the
range of osteocytic control of burials
Little is known about the detailed mechanism by which os-
teoblasts become buried in bone matrix during matrix de-
position [3]. To the author’s knowledge, the fact that the
density of osteocytes is determined exactly by the ratio of
osteoblast burial rate and matrix secretory rate has not been
recognised and fully appreciated in the literature to date. In
this section, some consequences of using Eq. (13) in con-
junction with experimental data are therefore explored. They
lead to new insights into the osteoblast burial process, such
as (i) estimations of the rate of osteoblast burial during bone
refilling in human cortical basic multicellular units (BMUs)
and at rabbit endosteal plates, and (ii) a determination of how
burial rate may be controlled by the distribution of underlying
osteocytes [6, 21].
3.1 Osteoblast burial rate
Burial rate in human intracortical bone formation. The
result (13) enables the determination of the rate of burial of
osteoblasts Dburial from experimental measurements of osteo-
cyte density and matrix secretory rates.
In cortical bone, the renewal of bone matrix is perfomed
by self-consistent groups of bone-resorbing and bone-forming
cells called basic multicellular units (BMUs) [74]. This
renewal process generates cylindrical structural elements of
bone tissue called osteons [1]. The distribution of osteo-
cytes within an osteon is thus the record of a consistent and
organised bone formation process. In a recent study, the
spatial distribution of osteocyte lacunae in human osteons
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Figure 3 – Radial dependence of the density of osteocytes Ocy∞(R) in an
osteon. Black: data from Ref. [24]. Gray: smoothed interpolating curve.
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Figure 5 – Burial rate of osteoblasts Dburial(R) as a function of cavity radius.
Black/gray: based on data from black/gray curve in Figure 3.
was investigated by imaging a femoral cortical bone sample
with synchrotron-radiation micro-CT [24]. These authors
determined the radial dependence of osteocyte density within
osteons, Ocy∞(R) (see Figure 3).
The rate of matrix synthesis by individual osteoblasts kform
can be experimentally determined from Eq. (7) by measuring
both the matrix apposition rate v (e.g., via tetracycline double
labelling [60]) and the surface density of osteoblasts [23, 48–
50]. However, different experimental techniques are required
to measure these quantities and few studies exist in which they
are reported together. In Figure 4, experimental measurements
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from Ref. [48] of kform at various radii R of dog cortical
BMUs are represented, correponding to different stages of
osteonal infilling. These data are scaled to correspond to
human cortical BMUs and extrapolated into a continuous R-
dependent function kform(R) following Ref. [23], in which this
function was used in a mathematical model of BMU validated
against several independent measurements.
The rate of burial of osteoblasts Dburial as a function of
the radius of the closing BMU cavity can be estimated by
combining these two types of data, Ocy∞(R) and kform(R),
into:
Dburial(R) = Ocy∞(R) kform(R). (16)
By combining the data of Figures 3 and 4 in Eq. (16), the
average rate of burial of osteoblasts is seen to decrease as
the cavity radius decreases, i.e. as infilling of the resorption
cavity proceeds in the BMU (see Figure 5). This observation
does not tell explicitly what biological processes may drive
this progressive decrease in burial rate, but it shows that
differences in burial rate can be large and can dominate
differences in matrix secretory rate in determining osteocyte
density.
Burial rate in rabbit endosteal bone formation. The
burial rateDburial introduced in the model is an overall measure
of the probability per unit time for any osteoblast to become
buried. Pazzaglia et al. [50] have estimated that approximately
one in 67 osteoblasts undergo an osteoblast-to-osteocyte tran-
sition over the course of deposition of a matrix layer the width
of an osteocyte lacuna (i.e., about 5µm thick [52]). This
fraction of osteoblasts to become buried is implicitly included
in the definition of Dburial.
To estimate this fraction, Pazzaglia et al. compared in
a rabbit model the surface density of osteoblasts and the
surface density of open osteocyte lacunae visible on the bone
surface after removal of the osteoblasts. These experimental
measurements enables the estimation of Dburial in this system
from Eq. (13) as follows.
Let wOcy be the width of an osteocyte lacuna in the direc-
tion of bone surface propagation, and let νOcyOb be the ratio
ν
Ocy
Ob ≡ ρOcy/ρOb ≈ 1/67, where ρOcy is the surface density of
open osteocyte lacunae seen on the bone surface as measured
by Pazzaglia et al. [50]. One has Ocy∞ = ρOcy/wOcy =
ν
Ocy
Ob ρOb/wOcy, and from Eq. (7), kform ≈ wOcyρObTOcy , where TOcy
is the time required to deposit a layer of thickness wOcy.
Substitution of these quantities into Eq. (13) leads to:
Dburial = Ocy∞ kform = ν
Ocy
Ob
1
TOcy
. (17)
The factor 1/TOcy corresponds to the probability of burial
per unit time of an osteoblast destined to become buried.
Indeed, by definition the population of such osteoblasts has
probability one to become buried within the layer of thickness
wOcy deposited during TOcy. Note that 1/TOcy = v /wOcy.
Considering that the apposition rate v in rabbit femur varies
from about 2 µm/day to 7 µm/day [75], it takes TOcy ≈ 0.7–
2.5days to deposit a layer wOcy ≈ 5µm thick [52].2 During this
2This estimate of wOcy is made under the assumption that osteocyte lacuna
dimensions are similar in rabbits than in humans.
period, a fraction νOcyOb ≈ 1/67 of the osteoblasts will become
buried. The burial rate Dburial (17) during bone formation at
the endosteal surface in rabbits therefore ranges from 0.006–
0.02/day, which is in the same order as the values Dburial in
Figure 5 estimated in human cortical femurs.
3.2 Osteocytic control of burial rate
Marotti hypothesised that bone formation and burial of os-
teoblasts occur under tight control from the osteocytes in the
bone matrix [6, 21]. Osteocytes that find themselves buried
deeper and deeper during matrix deposition may signal some
osteoblasts at the surface to reduce their synthesising activity.
These inhibited osteoblasts would then become buried by
their peers [3, 6, 20], and/or participate in their own burial
through the development of a dorsal secretory territory [3,50].
Sclerostin is proposed as an important signalling molecule
between osteocytes and osteoblasts. This signalling molecule
secreted by osteocytes inhibits the Wnt signalling pathway,
and so osteoblast generation and activity [3, 10–12]. Metz et
al. [60] have found that wall thickness in osteons is negatively
correlated with osteocyte density, an indication that osteocyte-
produced signals inhibit formation [16, 63, 65, 68]. In the
discrete computational models of Mullender and Huiskes
and van Oers et al. [30–32], bone microsites are implicitly
assumed to contain osteocytes transducing the mechanical
deformation of bone matrix into a mechanical stimulus such
as sclerostin. The concentration of sclerostin is assumed
to decrease exponentially from where it is produced with a
characteristic decay distance of 100µm, but the sclerostin
concentration field can be increased by the multiplicity of
osteocytes and their mechanical stimulation. Whilst these
assumptions may be qualitatively reasonable [37], they are
not based on experimental determinations of the reach of
osteocyte signals onto bone cells.
In this section, possible zones of influence of osteocytes
onto osteoblast burial are examined. According to Marotti’s
hypothesis, the number of underlying osteocytes that help
control the burial of new osteoblasts should correlate neg-
atively with burial rate. Indeed, the more the number of
underlying osteocytes, the less are needed, and therefore the
smaller the burial rate. Such correlations can be investigated
from the results of Section 3.1 on Dburial and the knowledge of
osteocyte density.
The question investigated here is whether the overall de-
crease in burial rate Dburial seen in Figure 5 as refilling
proceeds may be attributed to a local signal proportional
to the local density of osteocytes, or an integrated signal
proportional to the total number of osteocytes found under
the bone surface. In the following, a cylindrical cortical
BMU geometry is assumed with negligible variation in the
longitudinal axis of the BMU. Let Ω(R) denote the influence
zone of osteocytes in the BMU cross-section, i.e., the zone
in which osteocytes help control osteoblast burial, where R
is the BMU resorption cavity radius (see Figure 6, top row).
The number of osteocytes in this influence zone per unit
longitudinal length is
NOcy(R) =
∫
Ω(R)
dA Ocy∞. (18)
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Figure 6 – Correlations between burial rate and number of osteocytes in three distinct influence zones Ω(R) (seen as shaded areas of the BMU cross-section in
the top row). The different curves in (b) correspond to influence zones of different fixed thickness δR . Cases (a) and (b) lead to a positive correlation between
Dburial and the number of osteocytes. Only (c) leads to a negative correlation consistent with Marotti’s hypothesis.
Below, the correlations between Dburial and NOcy are deter-
mined in three distinct influence zones Ω(R): (i) an infinitely-
thin layer close to the bone surface, (ii) a layer of fixed width
below the bone surface, and (iii) the full wall thickness of
newly formed bone (Figure 6).
Signal from the nearest osteocytes only. No osteocytes
are formally present in an infinitely-thin layer, but one can
investigate whether the rate of osteoblast burial at the depo-
sition front (radius R) may be determined primarily by the
density of the nearest existing osteocytes in the matrix, i.e.,
by Ocy∞(R). Inverting Ocy∞(R) as R(Ocy∞) (smoothed curve
in Figure 3) and substituting into kform in Eq. (16) exhibits
the effective dependence of the burial rate upon the nearest
osteocyte density:
Dburial(Ocy∞) = Ocy∞ kform(Ocy∞) (19)
One sees from Figure 6a that burial rate increases when the
density of nearby osteocytes increases. This observation is
in conflict with Marotti’s hypothesis. An osteocytic signal
prompting osteoblast burial is therefore unlikely to arise solely
from the closest osteocytes.
Local osteocytic signal. The rate of osteoblast burial may
be determined by the superposition of signals emitted by a
larger group of osteocytes beneath the bone surface, such as
osteocytes within a layer of constant thickness δR:
NOcy(R) = 2pi
∫ R
R−δR
dr r Ocy∞(r ). (20)
Inverting NOcy(R) as R(NOcy) and substituting into Ocy∞ and
kform in Eq. (16) gives:
Dburial(NOcy) = Ocy∞(NOcy)kform(NOcy). (21)
One sees from Figure 6b that burial rate increases when
the total number of osteocytes present in the influence zone
increases, for any fixed thickness δR . This observation is
again in conflict with Marotti’s hypothesis.
Integrated osteocytic signal. The rate of osteoblast burial
may be determined by the superposition of signals emitted by
all the osteocytes found beneath the bone surface:
NOcy(R) = 2pi
∫ Rc
R
dr r Ocy∞(r ), (22)
where Rc is the radius of the osteon boundary (cement line
radius). By inversion and substitution into Ocy∞ as before,
one sees from Figure 6c that the rate of burial decreases
when the total number of osteocytes present increases. This
observation is consistent with the hypothesis that low numbers
of osteocytes will prompt the generation of new osteocytes, a
likely regulation mechanism of osteocyte generation. These
results suggest that osteoblasts may be influenced by inte-
grated signals emanating from a large collection of underlying
osteocytes. This emphasises the importance of understanding
the role of the interconnectivity of the osteocyte network
for signal transduction [76]. These observations give some
support to the value of decay distance of 100µm for sclerostin
chosen in the model by van Oers et al. [32], as this distance is
commensurate with an osteon’s radius.
4 Osteocyte apoptosis
One of the benefits of the microscopic evolution law for
osteocyte density (8) over the closed-form expression (13) is
that Eq. (8) expresses the general conservation law of cell
balance. Hence further biochemical processes influencing
osteocyte density can be accounted for in a consistent and
modular fashion. To illustrate this, a term accounting for
osteocyte apoptosis (cell death) is included in this section, and
its consequence for osteocyte density is investigated.
Osteocytes are amongst the longest living cells in the
body [3, 5]. Yet with age, the number of live osteocytes
declines, which leaves a number of osteocyte lacunae empty.
Osteocyte apoptosis is known to be increased by estrogen de-
ficiency at menopause in women, and by age-related changes
in testosterone in men [5,70,77]. As such, osteocyte apoptosis
is an important process to account for in models of age-related
bone loss [38, 44].
Apoptosis can be implemented in the model through the
rate of osteocyte death A(t ,r ), i.e., the probability per unit
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time for a single osteocyte at position r to undergo cell death.
This rate may generally be nonconstant and inhomogeneous.
Its effect on the rate of change in osteocyte density is spec-
ified by conventional first order mass action kinetics, which
modifies Eq. (8) into:
∂
∂ t
Ocy(t ,r ) =Dburial(t ,r )ρOb(t ,r )δS(t )(r )−A(t ,r )Ocy(t ,r ).
(23)
Eq. (23) can be solved by use of the following Ansatz:
Ocy(t ,r ) =χB (t )(r )Ocy∞(r )ν
Ocy
lac (t ,r ), (24)
where χB (t ) is the indicator function of the region of new
bone B (t ), Ocy∞ is the terminal osteocyte lacuna density,
and νOcylac is the fractional occupancy of osteocyte lacunae,
i.e., the fraction of lacunae occupied by live osteocytes. By
differentiating with respect to t and using Eqs (7), (11), and
(13), it can be shown that (24) is solution of Eq. (23) provided
that νOcylac satisfies:
∂
∂ t
ν
Ocy
lac (t ,r ) =−A(t ,r )νOcylac (t ,r ) (25)
ν
Ocy
lac
 
t ,r S(t )

= 1, ∀r S(t )∈S(t ),∀t (26)
The boundary condition (26) represents the assumption that
each new lacuna generated at the moving deposition front S(t )
contains initially a live osteocyte.
For planar geometries of the bone surface, the solution of
Eq. (25) is
ν
Ocy
lac (t ,z ) = c (z )exp−
∫ t
0
dτA(τ), (27)
where the unknown function c (z ) is determined by the bound-
ary condition (26) by evaluating Eq. (27) at z = w (t ). This
leads to:
c
 
w (t )

= e
∫ t
0
dτA(t ). (28)
Using t = w−1(z ) and Eq. (13), the solution of Eq. (23) in
planar geometries is therefore:
Ocy(t ,z ) = θ
 
w (t )− z Dburial w−1(z )
kform
 
w−1(z ) exp
(
−
∫ t
w−1(z )
dτA(τ)
)
,
(29)
where θ is the Heaviside step function. If the apoptosis rate
A is constant, Ocy(t ,z ) describes a wave progressing at speed
dw
dt
(t ).
For arbitrarily curved bone surfaces, the problem (25)–(26)
is solved in the same way. If v > 0 at all times, then for every
point r ∈ B (t ), there is a unique time t ∗ = t ∗(r )≤ t such that
r ∈S(t ∗) and the general solution of Eq. (23) is:
Ocy(t ,r ) =χB (t )(r )
Dburial
 
t ∗(r ),r 
kform
 
t ∗(r ),r  exp
(
−
∫ t
t ∗(r )
dτA(τ,r )
)
.
(30)
The time t ∗(r ) corresponds to the time of osteoblast burial
at r . The explicit time dependences of osteocyte density
Ocy(t ,r ) in the right hand side of Eq. (30) describe two
distinct dynamic processes: (i) osteocyte are found in an
evolving domain B (t ); and (ii) osteocytes have a probability to
undergo apoptosis counting from the time t ∗ of their creation.
When the ratio Dburial/kform is maintained constant, the
density of osteocyte lacunae generated is constant irrespective
of the time evolution of the bone surface. In constrast, the den-
sity of live osteocytes at r explicitly depends on the moment
of their creation t ∗(r ), which is determined by the dynamics
of the moving deposition front. This dynamics is directly
influenced by osteoblast density, and so by curvature [23].
The distribution of occupancy of osteocyte lacunae therefore
records some details of the spatio-temporal evolution of the
bone surface which are not recorded in the distribution of
osteocyte lacunae.
5 Conclusions
This paper proposes a model of osteocyte generation to in-
vestigate the osteoblast-to-osteocyte transition in a spatio-
temporal setting. The dynamic factors of the bone forming
process that remain recorded in the density of osteocyte
lacunae are determined and some consequences of this rela-
tionship are explored.
Mineralised bone matrix is extremely stable and can sub-
sist for thousands of years. The analysis of morphological
and material properties of bone offers a window into bone
formation processes of current and extinct animals. Partic-
ularly osteocytes are a promising avenue for analysing bone
disorders or for paleobiological studies due to (i) their pri-
mordial role as biosensor of local mechanical strains, and (ii)
their participation in the orchestration of bone remodelling.
For example, osteocyte lacunae have been shown to contain
information on growth rates and muscle attachment sites of
extinct species [40, and Refs cited therein].
Because bone formation proceeds linearly by the gradual
deposition of new bone on existing bone surfaces, some
features of the dynamic processes occurring at the moving de-
position front become ‘imprinted’ in the bone matrix. Whilst
osteocytes do not outlive an organism, their lacunae remain as
footprints of their burial. It is often believed that the density
of osteocytes generated is directly dependent on the density of
osteoblasts [28, 64]. The results presented here show instead
that only the rate of osteoblast burial (probability per unit time
for an osteoblast to get buried) and the secretory rate of bone
matrix (volume of matrix secreted per osteoblast per unit time)
determine osteocyte density, irrespective of osteoblast density
and substrate curvature.
To the author’s knowledge, the model of osteocyte gener-
ation presented in this paper is novel on at least two levels:
(i) by accounting for the moving front of bone deposition
and of osteocyte generation, and (ii) by considering arbitrary
substrate geometries. The simple and intuitive results ob-
tained provide a validation of the assumptions of the model
formulated at the cell level.
The model has enabled for the first time estimations of
the rate of burial of osteoblasts in bone matrix (see Figure 5
and Eq. (17)). These estimations are based on experimental
determinations of osteocyte densities and matrix secretory rate
per osteoblast. Future such estimations can provide insights
into cell-level mechanisms of osteocyte generation that may
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be different in different individuals, skeletal sites, species, and
bone disorders [24, 40, 51, 52, 60, 63–66, 66–72].
Furthermore, Marotti’s hypothesis of osteocytic control of
osteoblast burial [6, 21] was investigated for its consistency
with different possible zones of osteocytic influence. How
osteocytes control bone formation remains poorly understood.
In average, osteoid-osteocytes are connected with 5–6 differ-
ent osteoblasts through more than 20 dendritic processes [78],
whilst osteocytes are connected to one another through more
than 80 dendritic processes [70]. Our analysis suggests that an
osteocytic signal to osteoblasts must integrate a large number
of osteocytes to be consistent with a negative correlation
between burial rate and number of osteocytes in an influence
zone, i.e., such an osteocytic signal is likely to be nonlocal.
The highly interconnected network of osteocytes is compati-
ble with this analysis.
New dynamic imaging techniques have recently been de-
veloped that enable live observations of osteocyte burial in
vitro [4, 8]. These techniques may be able to shed light on
some poorly understood mechanisms of osteoblast burial at
the cell level, which will be useful for future refinements of
the mathematical model developed in this paper.
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Appendix: Governing equation of the
domain indicator function
In this appendix, the governing equation of the indicator
function of an evolving domain is derived, and a justification
of Eq. (11) is provided:
χB (t+∆t )(r )−χB (t )(r )
v (t ,r )∆t
→ δS(t )(r ), ∆t → 0, (11)
where δS(t ) is the “Dirac wall”, or surface Dirac distribution
defined by Eq. (9). An intuitive derivation of the governing
equation of χB (t ) is based upon the observation that in the limit
dt → 0:
χB (t+dt )(r ) =
(
1 if r −vdt ∈ B (t ),
0 otherwise
=χB (t )(r −vdt ), (31)
where v (t ,r ) is the velocity of the boundary S(t ) of B (t ).
Hence, χB (t+dt )(r )− χB (t )(r ) ∼ −v ·∇χB (t )(r )dt as dt → 0,
leading to:
∂
∂ t
χB (t ) +v ·∇χB (t ) = 0. (32)
An alternative approach to deriving Eq. (32) is to consider a
level set function φ(t ,r ) whose zero level contour φ(t ,r ) =
0 describes the set S(t ) [61, 62], and then to differentiate
χB (t )(r ) ≡ θ φ(t ,r ) with respect to t . Equation (32) is the
same as that satisfied by the level function φ(t ,r ), except that
it must be interpreted in the sense of generalised functions
since the gradient of the indicator function χB (t ) is singular
on S(t ). To investigate the nature of this singularity, let
us integrate v ·∇χB (t ) with a test function ϕ(r ) of compact
support [47], and use the identity:
ϕv ·∇χB (t ) =−∇ · (χB (t )ϕv )−χB (t )∇ · (ϕv ).
Because ϕ has compact support, the first term in the right
hand side gives zero after integration over R3 and use of the
divergence theorem. Thus:∫
d3r ϕv ·∇χB (t ) =−
∫
B (t )
d3r ∇ · (ϕv ) =−
∫
S(t )
dσn ·vϕ, (33)
where n is the outward unit normal vector to S(t ) = ∂B (t ) and
the divergence theorem is used for the second equality. Since
the normal velocity of S(t ) is v =n ·v , Eq. (33) shows that:
−v ·∇χB (t ) = vδS(t ) (34)
(in the sense of distributions). Eqs (32) and (34) justify
Eq. (11). The reader is referred to Refs [62, Sec 1.5], [47, Sec
8.4], and [79, Sec 4.1] for related developments.
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